
 Lecture2 Costs quotientgroups homomorphisms

Developmentofmathematicalconcepts
Vector

spares Groups

direct sums directproductofgroups
subspaces subgroups v

linearisomorphism isomorphism u

affinetranslatesofsubspaces cosets

quotientspares quotientgroups

linearmaps homomorphisms

Definition Let Itbe asubgroupofG ACleft coset1418 is a setoftheform

forsomegEG gtl gh heh kindofproductoftwosets
gttleftcosetofg

inparticular ifget gH H
Arightcoset 7744 is a setoftheform forsomegeG

Hg hg heH
Remark Forabeliangroups there's nodistinction betweenleftandrightcoset

Ifusingadditiveconvention it iswritteng H
PropositionTwo left iosetsg.tlandgHave

eitherequal gigEH
or disjoint gig.CH



Proof Needtoprove gHngH 0 gig EH gilt gH

E
If gig EH GH 9

EEMingelement
heh httH

If GH gaH 0 say x ghigh forhit EH
Then g xhi gexhi gig xhi's xhi

hi x'xhi hihi EH D

Definition WriteGH 911 9EG forthesetofleftcosets

Similarly HG HgIgeG
Lemma

G gl qgH
is adisjointunion

Wecall GH GH theindexofHasa subgroupofG

Lagrange'sTheorem If G is afinitegroupandHEG then H G
Proof Infact GH G H D

Ce 1 If G is afinitegroup then 1 1 G
Proof Ix x G D

z x
G
e

Example G Nva amodN ged a N 11 6 4N

Thenforevery af Nva all 1modN Euler'stheorem

Cot If G p is a primethenG iscyclic abelian



I 1 I get
ProofTakeIe G thenTxt G p IN p G x

Definition LetGbe a group a.geG gag is
calledtheconjugateofabyg 1Er

Lemma If H is a subgroupofGandgeG thengHg is a subgroup

Ighyllhim
calledtheconjugateofH

bye

Proof Givengag gby egHg
gag gbg J gaff's bg

i
g abg egHg V D

Definition AsubgroupHEG isnounal ifUgeG H gtig
i e allconjugatesofH arejustHitself

gH Hg soleftcosetofg isthesame as rightcosetofg
WewriteHQG toindicatenormalsubgroups

E.g iloG G I G
Inparticularallsubgroupsofanabeliangrouparenormal

Inthiscase for a beG att bit kl theatt lebti
abtlH abH

ie wehave awelldefinedgroup
structure on G H

Theidentity is e thH theinverseofatt is a H
WecallGit thequotientgroup factorgroup 17 4

Sometechnical constructions



Proposition LetH Kbesubgroupsof agroupG define Hk hkheHkek
When G isfinite Hk

H K

Hnk

Proof HKis a disjoint unionofleftcostsofK
HK h k uhakw Whnk

ClaimForthesamehi H h Hnk w oh Hnk
Then

It n Itf
Proof Foreveryh h EH

Lk h k Whek hih'stink h Hnk h Hnk

So Hk Ghk hk w whnk

correspondsto HGh Hnk h Hnk u uh Hnk D
Infant weproved a natural bijection

H H K HKK welldefined bijection

h Hnk to hk

Rmf Hkneednotbeagoopabove

E.g In G S H iz K 131 then Hk H k 4

Hkcan'tbe asubgroupofG bc446

Lemma If KH HK as a set thenHk is a subgroupofG
I i e everyproducthk canbewrittenask't andviceversa

e.g
whenH is anormalsubgroup theH hk Kh soHKKH



g subgray

Proof Forhi h EH ki k.tk
hik haka

hike
hit k eHK

D

Lemme If bothHandK arenormalsubgroupsofG thenso isHk
Proof HgEG gHk HgK Hkg D

Aspecialcaseabove G HK KH G Hnk H K

Grouphomomorphism torelatetwogroups
Definition Let G and H o begroups Amap4 G H iscalled a homomorphism IFE

if tx.geG Y x y 46704y
Rmf 4 ease 91 a 04ee plea en

a'les

en yleg g g g gig g g gg ggj
Inparticular a bijectivegrayhomomorphism is an isomorphism

Examples i Z D2n m mmodn is a homomorphism

2 When H G is a normalsubgroupthere's anatural homomorphism

G G H

a aµ
Thishomomorphism issurjective

Definition For a homomorphism Y G Hofgroups
thekernel is Kery geG l 91g en IF a37



y
Lemme isTheimage4 G is asubgroupofH

a Thekernelkery is a normalsubgroupofG
Proof i Note 919,7919251 4 9 4195 p ggi ep G

a If g 9 ekerf then419,95 9191919 l en en en

ggiekery Sokey is a subgroup
Foranyg'tG gekery 41ggg pig's41g141g's

pglenelg's en
soggg ebury key isnormal

Lemma Ahomomorphism 9 G Hofgroups isinjectiveifandonlyif Keng fed
Proof injective kerryhasatmostoneelement butplea en

kerf deal
Conversely supposehery eat Wes y isinjective

Say4 Gi Y92 forsomeg g EG
Then4 9,957 419 4cg hey

9,95ekery ed gigi eg g 9 I

Howtospecify a homomorphism

Suppose G Si Sn Rn Rm

Thentospecifya homomorphism G H it isenoughtogive
si ofSn EH

sit 4Rj em inH



I

ExampleDetermineall homomorphisms dDan Q alsol

ris r 5 1 Srs t

It isenoughtofind r s EQ sit

der 0 65 1 and of s der415 015

4150 5 1 dir 1

If n isodd der 1 I sie ti twosuchhomomorphisms
If n is even dir 41stc til foursuchhomomorphisms


