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Abstract

We survey proofs of five Theorems which have applications in the Theory of Computing. The
common theme of the proofs is the use of various variants of harmonic analysis. The proofs of
following theorems are included:

e Theorem of Linial, Mansour and Nisan on the concentration of the Fourier coefficients of
AC" functions. [LMN93] (harmonic analysis over the finite group Z2)

e Theorem of Kahn, Kalai and Linial on the influence of variables on Boolean functions
[KKL88] (harmonic analysis over the finite group Z7).

e The analysis of Margulis’ expander graph by Gabber and Galil [GG79] (harmonic analysis
over the compact group T?).

e Transference Theorem of Banaszczyk [Ban93] (harmonic analysis over the locally compact
group R").

e Theorem of Thérien on the column sums in matrices (mod m) [Thé94] (generalized har-
monic analysis over the finite group Z;; ; with respect to the finite field Fp).

Acknowledgement: I would like to thank my advisor Liszlé Babai for his support and suggestions and
Divakar Viswanath for helpful discussions.
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Introduction

Fourier analysis originated in the works of Euler and Fourier, who were working on problems in mathemat-
ical physics. The subject had a large impact on the development of mathematics. Dirichlet, in his work
dealing with the convergence of Fourier series, defined the notion of function as we know it today. Riemann
introduced his notion of integral in his work on trigonometric series. Cantor’s study of the so-called sets
of uniqueness led him to the development of the theory of sets. Today harmonic analysis is used in every
branch of mathematics including group theory (where it was started by Frobenius), probability theory,
combinatorics, differential equations, and number theory.

Methods of harmonic analysis also found their way to Computer Science. One of the most important
applications in Computer Science is the Fast Fourier Transform (FFT) algorithm of Cooley and Tukey
[CT65] and its application to the fast multiplication of numbers by Schénhage and Strassen [SS71]. Chung,
Diaconis and Graham used the convolution <+ multiplication property of the Fourier transform to analyze
random walks on graphs [CDG87]. Linial, Mansour and Nisan [LMN93] investigated the properties of the
Fourier coefficients of functions computed by the AC? circuits and obtained result about the learnability
of AC? functions. The KM learning algorithm of Kushilevitz and Mansour [KM93] is based on estimating
the Fourier coefficients of the function learned. For more applications of harmonic analysis in learning
theory see [Jac95, BFJT94]. Kahn, Kalai and Linial [KKL88] used the Fourier transform and Beckner’s
Lemmas [Bec75] to show that every balanced Boolean function has a variable with large influence. Thérien
[Thé94] applied generalized harmonic analysis to study of circuits with MOD,,, gates. Gabber and Galil
successfully analyzed a modified construction of Margulis [Mar73] using harmonic analysis on the two
dimensional torus T?. Banaszczyk showed a transference theorem in lattices using Fourier transforms of
Gaussian-like measures in R". J. Naor and M. Naor [NN93] used the Fourier transform to design polynomial
size sample spaces of e-biased (logn)-wise independent random variables.






Chapter 1

Harmonic Analysis over Finite Abelian
Groups

1.1 Introduction

Let A be a measure space with a non-negative measure p and the corresponding Lebesgue integral. For
complex valued functions f,g € C* we define

e pointwise multiplication (fg)(z) = f(z)g(z), = € A,

e inner product (f,g) = [ f(y)g(y) du(y), where T is the complex conjugate of z € C,
e p-norm ||f|, = (f|f wauw)"”.
e convolution ( = [ f(y)g(z —y) du(y).

Let G be a finite abelian group written additively. Let n = |G|. Measure on G: We endow G with the
measure u(g) = 1/n, g € G. We define the inner product, the p-norm and the convolution on the space
CY% as above.

By S! we denote the multiplicative group of complex numbers of modulus 1

Definition 1.1 A character x of G is a homomorphism G — S'. The unit character 1 is the character
which assigns 1 to every a € G.

Since G is finite a function x : G — C is a character iff it satisfies
x(a+b) = x(a)x(b), a,b € q.
Note that
e x(a)" = x(n-a) =x(0) =1L

e x(—a) = x(a).

e If xy and 1 are characters then yi and ¥ are characters.
Lemma 1.2 Characters are an orthonormal set of functions.

5
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Proof :
Note that for any character x and any a € G

x(a) > x(0) =) xla+b)=>_ x(b).
beG beG beG

If x # 1 then there is an a such that x(a) # 1 and hence ), x(b) = 0. If characters ¢, x are different

then 1x # 1 and hence
1

n

> @R (b) = 0.

beG
Clearly (y,v) = 1. |

(W, x)

Characters with the pointwise multiplication form a group é’\, called the dual group of G. The unit
character is the unit of G. Every finite abelian group is a direct sum of cyclic groups. Fix

G=Tn, ®  ®Ln,.
Let w; = exp(2mi/n;), a primitive n;-th root of unity. For b = (b1,...,bx) € G let

k

biz;

xp(z) = sz‘ L
i=1

Note that x; is a character for any b € G. The x; are all distinct. They are all characters because the
dimension of C% is n and the characters are orthonormal. Thus the dual group of G is

@z{xb|b:(b1,...,bk)EG,}. (1.1)

Theorem 1.3 Characters form an orthonormal basis of C©.

From Theorem 1.3 it follows that every function f in C“ can be expressed as a linear combination of
characters. The coefficient of x; is denoted by f(x;) and called the Fourier coefficient. We have

F=Y" Flxe)xe (1.2)

beG

The function f: G — C is called the Fourier transform of f. Measure on G: We endow the group G

~ ~

with the measure v(g) =1, g € G. The corresponding inner product of f,g € CC is denoted (f,g), the

p-norm is denoted ﬂ f ﬂp and the convolution of f,g € CY is denoted f #g.
Note that xqoX» = Xars and hence

b— xb (1.3)
is an isomorphism between G and G. Hence we can view fas a function in C% and write f(b) instead of
f(xp)-

From the orthogonality of characters it follows that

F(b) = (£,30)- (1.4)
Expanding (1.4) and using x,(b) = xp(a) we obtain

F=23 fox (1.5

acG
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Theorem 1.4 The Fourier transform satisfies
o linearity f/—i-\g =f+3, af =af, f,g€C¢, a€C,
o fg=[%g, f+g=fg, f,geC".

Proof :
The linearity follows from the linearity of inner product. To prove fg = f % ¢ note that

fg= ( > f(a)xa) (Z?(b)Xb) Z XarnF (@F0) = xe Y fla)gle—a) =D (F49)()xe

a€G beG ceG acG ceG

and hence E = f?k g. The proof of m = fﬁ uses (1.5) instead of (1.2). |

An important property of the Fourier transform is the following formula.

Theorem 1.5 (Plancherel formula) For any f,g € C¢

~

(f,9) = {F,9)

Proof :
Using the orthogonality of characters

9) =" Fla)xe, Y. 30)xs) = Z (@)30) (xXas x0) = Y, f(@)3(a) = {F.9).

acG bed beG acG

Taking f = ¢ in the Plancherel formula we obtain

Theorem 1.6 (Parseval’s equality) For any f € C“

112 = 1 Tl2-

To obtain inequalities for other p-norms we will need the Riesz-Thorin interpolation theorem, Minkowski’s
and Holder’s inequality (see [Zygh9], vol 2, p.95, p.94, vol 1, p.19)

Theorem 1.7 (The Riesz-Thorin interpolation theorem) If T is a linear operator from a measure
space A to a measure space B such that

T F 11 /g,
T f 1 /g.

cillfllyp
cal| f111/ps

where 0 < p1,p2,q1,q2 < 1, then for any t € [0,1]

T 111/ < el

where p=tp1 + (1 — t)p2, ¢ =tq1 + (1 — t)q2 and ¢ = clc% ¢,
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Theorem 1.8 (Holder’s inequality) Let A be a measure space. Let 1/p+1/q =1, p,q > 1. For any
frgect

gl < 1If1lpllglle-

Theorem 1.9 (Minkowski’s inequality) Let A be a measure space. Let p > 1. For any f,g € CA

I +gllp <1 f]lp +lgllp-

An important generalization of Parseval’s equality is the

Theorem 1.10 (Hausdorff-Young inequality) Let 1/p+1/qg=1, p,q>1 and f € C%. Then

A ASA

11l < Ifllg for2<p<oo

A A

Al 2 W llg  for 1 <p <2

Proof :
Note that
~ 1 1
=2 3 oneto) < 15 o) = iy
aclG aclG
and hence ﬂfﬂoo < ||fll1. From Parseval’s equality we know ﬂfﬂg = ||f||l2- An application of the Riesz-
Thorin interpolation Theorem yields the Lemma for 2 < p < co. For 1 < p < 2 note that for 1/p+1/g =1
1113 = 1f 1ol 1lg-
[ |
The following inequalities for norms in C¢ and C% will be useful
Lemma 1.11 Let p <r. For any f € CE and g € ¢
1l < (Il
lglly = llgll-
Proof :
Note that ||f||, = || |fI? ||i/p and [|f||lr = ||| f[P ||%§ Hence we can w.l.o.g. assume p=1and r > 1. Let ¢

be the conjugate exponent to r i.e. 1/r +1/q = 1. By Hélder’s inequality

Ul < 1ALl = 11l

For the second inequality using the same argument we can assume p = 1 and r > 1. Also w.l.o.g. [|g|}1 = 1.
Hence |g(z)| < 1 for all z € G. Therefore |g(z)|" < |g(z)| and ||g ||, < 1. [ ]

Given a subgroup H < G, the characters for which x|, = 1p form a subgroup of G. Tts corresponding
(via (1.3)) subgroup in G is denoted H». Note that the characters which are 1 on H are in one-to-one

correspondence with the characters of G/H (let x(aH) = x(a)). Thus we have H+ = GT/?I
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Theorem 1.12 (Poisson Summation Formula) For a subgroup H < G

ﬁ S feta) = Y Fwxyle).

zeH yeH+

Proof :

|—;1| > flata)= ﬁ SN Fyxyle +a) = Zf(y>><y(a>|—;| S xylo) = (9).

rzeH zeH yeG yeld rzeH
The restriction x|, is a character of H and hence by the orthogonality
() =Y FW)xy(a)Oxyly = 1).
yelG@
|

Finally we compute the Fourier coefficients of the function which has value 1 at 0 and value 0 elsewhere.
For a set A C G the characteristic function of A is denoted by 14,

1 ifze A
0 otherwise

1A(g;):{

For a one element set {a} we write 1, instead of 1.

Example 1.13 For 1y we have
—~ 1 1
1o = —xz(0) = =
n n

10:%ZX(I'

ac€G

and hence

1.2 Representations of Boolean Functions

Let B = {0,1} where 0 represents false and 1 represents true. Given a Boolean function f : B" — B, we
can view it as a function f : Z§ — {T, F'} C C. Usually we choose

e =0, T=1;o0r
o FF=1,T=-1.

Let f, be the {0, 1}-representation of f and f, be the £1 representation of f. We have f, =1 — 2f, and
hence R

-~ —2fu(x forz #0
fo(z) = folz) f :
1 —2fg(z) forz=0

Thus the choice of representation does not have a big influence on the Fourier transform. To simplify
notation we will use the correspondence between Z5 and the subsets of [n], (a1,...,a,) <> {i;a; = 1}. We
define the degree of f as

~

deg f = min{|z[; f(z) # 0}.
If all f(w) = 0 we let deg f = 0. Note that the degree is independent of the choice of the representation.
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1.3 Random Restrictions and the Fourier Transform

Random restrictions have proven to be useful in the analysis of Boolean functions [FSS81, Has86, LMN93].
In this section we will prove a relationship between the Fourier coefficients of a function and its random
restriction. Lemma 1.19 will be used in section 1.4 to analyze the Fourier coefficients of the AC? functions.

Definition 1.14 Let f : Z% — C be a function. Let A C [n] be a subset of variables of f. Let a be
an assignment of values to the variables in A. The restriction f4. o is the function obtained from f by
assigning the values « to the variables in A.

Definition 1.15 Let 0 < p < 1. A p-random restriction of f : Z§ — C is faco where
e A is random subset of [n], each element is included in A independently with probability 1 — p,
e « is a random {0, 1}-assignment to variables in A.

First we will look at the relation between the Fourier coefficients of a restriction of f and the Fourier
coefficients of f.

Lemma 1.16 Let f : Z% — C, AC [n] and x C A. Then

—

Faca(@) =" Fl@+y)xay).

yCA

Lemma 1.17 ([LMN93]) Let f : Z% — C, A C [n] and 2 C A. Then we can calculate the following
expected value and the second moment of facq where a is a random {0, 1}-assignment to variables in A.

Eolfaca(@)] = f(z),
Eulfaca@? =Y Flo+y)>
yCA

Proof of Lemma 1.16:

> F@+y)xa®) Z o Z F@)x:(z +y)xaly) =

yCA yCA 2C[n

T wa K@) St = s S fEx() = Froa@)

yCA zC[n];zNA=a

Proof of Lemma 1.17:
Using Lemma 1.16
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Again using Lemma 1.16

~ ~

ﬁ Z@(@ZZ% fl@+y)f(@ +y2)Xalyr +12) =

Yo Fa+y) @+ ) 2‘A|Zxay1+y2) > Flz+y)*

y1,92CA aCA yCA

Using the Lemma 1.17 we will obtain a relationship between the Fourier coefficients of a random restric-
tion of f and the Fourier coefficients of f. For x; € A the function fa. . is not a function of z;. However

we can view it as a function of x; which does not depend on z;. Then we have f/A:l(y) = 0 if y contains
z.

Lemma 1.18 Let f : Z3 — C. We can compute the expected value and the second moment of fac o where
A < « is a p-random restriction.

Eaolfaca(z)] =9 f(2),
Exalfaca(@)? =p" S Fla+ )21 —p).
yCT

Proof :
If the set of set variables A intersects z then fa. o(z) = 0, otherwise by Lemma 1.17, fa, o(2z) = ]/”\(x)
The probability that no element of z is chosen to A is pl*l and hence Ejolfacalz)] = p"”‘f(m).

Let p(A) denote the probability that the set A is chosen in the random restriction A «— . Then

Baalfaca@?]= 3 p(A)@na=0)3 fleuy)? =

AC[n] yCA

foUy Z p(A)(zNA=0)(y CA)= foUyQ"”‘ —p)ll.

AC[n] yCrw
|
Finally we express the sum of high Fourier coefficients of a random restriction of f using the Fourier

coefficients of f. Let B(n,p) denote a random variable with the binomial probability distribution with
parameters n (the number of coin tosses) and p (the probability of heads).

Lemma 1.19 Let f : Z5 — C. Then

where A < « is a p-random restriction.
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Proof :
For fixed A and a random assignment « using Lemma 1.17

o T = Y Y Te+yr= Y f@

|z|>k |z|>k,aCA yCA lzNA|>k

If we let A be random where each element is chosen independently with probability p then

Bao | Y Facalz) Zf P(rNA>k)= Zf B(|z|,p) > k).

lz|>k

1.4 ACY Circuits

Let €2 be a set of Boolean functions. An 2-Boolean circuit with n inputs is a directed acyclic graph. It has

vertices of two types: input nodes z1,...,z, and gates. One of the gates is the output gate. Each gate g
is labeled by a function f, from €. We define the function B"” — B computed by a gate g of the circuit
inductively as fg(ai,...,a;) where ai,...,a; are the functions computed by the predecessors of g. The

function computed by the circuit is the function computed by the output gate. The size M of the circuit
is the number of gates, not counting the input nodes. The depth d of the circuit is the length of longest
path from an input node to the output gate.

Let {C},} be a sequence of circuits where C), has n inputs. Let {f,} be the corresponding sequence of
Boolean functions (f, is the function computed by C}). With the usual abuse of language we say that the
circuit C' computes the function f.

An AC? circuit consist of AND and OR gates of unbounded fan-in and NOT gates. It has polynomial
size and constant depth. Using deMorgan’s laws we can normalize the circuit so that it contains only n
NOT gates connected directly to the inputs. The normalization at most doubles the size of the circuit.

It is well known that the AC? circuits cannot compute parity [Ajt83, FSS81, FSS84, Yao85]. They even
cannot approximate parity [Ajt83]. Stronger results were shown by Hastad and Boppana (see [Has86], p.
63).

A Fourier coefficient of a Boolean function f : Z5 — {0,1} can be expressed as

Fly) = P(f(2) = @icys) — P(f(x) # ®icys)-

Thus ]/”\(y) measures the correlation between f and the parity of variables z;, ¢ € y. Since the functions
computed by AC? circuits cannot approximate the parity it follows that each high Fourier coefficients of
f € AC® must be small.

Theorem of Linial, Mansour and Nisan [LMN93] shows that even the sum of squares of high Fourier
coefficients must be small. The rest of this section is devoted to a proof of their result. The proof is a
slightly modified version of the proof in [LMN93].

Theorem 1.20 Let Boolean f : 73 — {—1,1} be computed by AC° circuit of depth d and size

M. Then
> F(e)* <2M -exp (—é(t/ml/d) |
|z[>¢
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Remark 1 The result proved in [LMN93] has slightly different bound than Theorem 1.20

S fla)? < oM. 270200

|| >t

Theorem 1.20 has interesting applications [LMN93], for example functions computed by AC? circuits
can be learned approximately by sampling their value at quasipolynomial (2P°¥1°8 *) randomly chosen
inputs (chosen under the uniform distribution). Another corollary [LMN93] of Theorem 1.20 is that the
average sensitivity of a function computed by an AC? circuit of depth d is O((logn)?).

Let f be a Boolean function on n variables, let x be an assignment and let f(x) = i. There exists
smallest A C [n] such that fa. o =i where @ = (x N A). You can view A < « as a proof that f(z) =1i. It
can happen that for every z there is small such proof.

Definition 1.21 Define the non-deterministic decision tree complexity of f

D;i(f) = max min{|A}; A < o, faca =i,z NA=a}.

z; f(z)=i

Let D, (f) = max{Dq(f), D1(f)}.

In [Nis91] D.(f) is called the certificate complexity. We say that f is computed by a t-CNF (resp.
t-DNF) formula if f is computed by a CNF (resp. DNF) formula with clauses of size at most ¢t. Let s
(resp. $4) be the smallest number such that f can be expressed as an s,—CNF (resp. s4-DNF). Then
Dy = s. and D = s4.

We say that in a DNF formula clauses accept disjoint inputs if for each input either 0 or exactly 1 clause
is satisfied. We will use the following stronger version of Hastad’s Switching Lemma (see [Has86], p.65).

Theorem 1.22 (Hastad’s Switching Lemma [Has86]) Let f be computed by a t-CNF formula and
A + « be a p-random restriction. With probability at least 1 — (5pt)*, faca is computed by an s-DNF
formula in which clauses accept disjoint inputs.

If a function ¢ is just a disjunction of s atoms, then g(z) = 0 for |z| > s because g does not depend on
at least one of the variables in . A function f which is computed by an s-DNF formula in which clauses
accept disjoint inputs can be viewed as a sum of functions which are disjunctions of s atoms and hence
f(z) =0 for |z| > s. Hence we have

Corollary 1.23 Let
e D;i(f) <t, and
e A+ « be a p-random restriction.
Then D1—_i(faca) < s and deg f < s with probability at least 1 — (5pt)*.
Using Corollary 1.23 we will obtain the following Lemma.
Lemma 1.24 Let

o f be computed by ACP circuit of depth d and size M, and
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e A« « be a p-random restriction.

Then for any s > 1 with probability at least 1 — M (5p'/ds'=1/d)s

deg(faca) <s.

Proof :
Let f1,..., fr be functions such that D.(f;) <t <'s, i € [k]. Observe that

Do( N\ fi) <t Di( '\ fi) <t
iclk] i€[k]

because to prove that Af; is zero (or that Vf; is one) it is enough to prove that any of the f; is zero (or
that any of the f; is one). If A < « is a g-random restriction then by Hastad’s Lemma

D*(( '/\k} fi) A<—a) =8 D. ((z¥c} fi) A<—a) =8 (1.6)

where each of the two events happens with probability at least 1 — (5gt)®.

Let V; denote the set of nodes of height ¢ in the circuit. The functions computed by the leaves of the
circuit have D, = 1. By (1.6) after applying gs-random restriction, all functions computed by the nodes
of height 1 will have D, < s with probability at least 1 — |V;](5gs)®.

Now inductively, if the functions computed by the nodes of height 7 have D, < s then after applying a
g-random restriction, the functions computed by the nodes of height i + 1 have D, < s with probability at
least 1 — |Vit1](5gs)®.

After applying a g-random restriction d—2 times we obtain that with probability at least 1—(M —1)(5gs)*
the functions computed by the nodes of height d — 1 have D, < s. After applying one more g-random
restriction we obtain that the function computed by the circuit has deg < s with probability at least
1 — M(5gs)®. Hence we obtained that for a function f computed by an ACP[d] circuit of size M and
sq%-random restriction A < «, deg f4. o < s with probability at least 1 — M (5¢s)*. |

We will use Chernoff’s bound to estimate B(n,p) (see [MR95], p. 235):

Theorem 1.25 (Chernoff’s Bound) Let Xi,..., X, be independent random variables. Let X = Xy +
o+ Xy, and p=E[X]. For0<§<1

P(X < (1=0)p) <e /2

Proof of Theorem 1.20
Let p € [0,1] and s > 1. By Lemma 1.19

S F@)?P(B(zl,p) > 5) = Baa | . faca()?

z€(n] |z|>s2

For a Boolean f, ||f||2 = 1 and hence by the Plancherel formula the random variable in the parenthesis
has value at most 1. Moreover by Lemma 1.24 with probability at least 1 — M (5p'/%s'=1/4)s it has value
0. Thus R

> fl@)’P(B(|zl,p) > s) < M(5p/?s' 1),

z€[n]
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Since P(B(t,p) > s) is an increasing function of ¢ we obtain
N M 1/d 1-1/dys
Z f($)2 < (5p S ) )
P(B(t,p) > s)

|z|>t

Let p = 2s/t and s > 3. By Chernoff’s Bound

J{Bumy>%)z1—ew“21p.

For s = %(t/2)1/d we obtain

j{: 2 <2M -exp (-———(t/2f/d>.

>

1.5 The Influence of Variables

The influence of a variable x; on a Boolean function f is the probability that for a random assignment
A < a, A =[n]\ {i} of values to the other variables the function fa. o is not constant. For the AND
function every variable has a tiny influence 2'~". However if the function is more balanced e.g. if f is
zero on a half of the inputs then there is a variable with a large influence Q(logn/n). This result is due to
Kahn, Kalai and Linial [KKLS88].

Theorem 1.26 For a function f : Zy — {0,1} such that P(f =1) =p <1/2

2
E:EUVZCmﬂbiw
€[n]

in particular there is i € [n] such that

logn

Li(f) > cap

where ci,cy are constants.

The theorem is tight up to the multiplicative constant, see [BL9O0]. It has been extended to functions
[0,1] — C in [BKK"92]. The rest of the section contains the proof of Theorem 1.26.

For any 1 > ¢ > 0 define the linear operator 7, : C22 — C%3

Z Fla)eltly (1.7)

In [Bec75] it was shown that 7; is a norm 1 operator from L1+52(Z§‘) to L?(Z3).

Lemma 1.27 For any f : Z5 — C
T fll2 < (11142
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We will prove Lemma 1.27 using Beckner’s Lemmas in section 1.6.

Proof of Theorem 1.26
Let fi(z) = f(z) — f(z +1). Clearly for any p, I;(f) = ||fil[5. We have

~

ST (fy) = fly+i) (Dl = fla) (1 (—1)'€) :{ g (z) ifi€w

otherwise
yCln]

fi(z) = on

Hence

Tafi = 22].\(55)6

LY
By Plancherel’s equality and Lemma 1.27
7 T g2
Y 4f (@) = (1T fill3 < Ifillfyee = LAY (1.8)
HET)
Summing (1.8) over ¢ € [n] we obtain
4 Z |(I,‘|f( 2 Z\x\ < Z I 2/ (1+€2) (1.9)

The following equation is a linear combination of (1.9) with e2 = 1 and €2 = 1/2. For any a > 0 we have

LS L+ X nn s 4 > ( +2) [l o)
i€[n] i€[n]

We have

1 1
min (— + 2$> x> ogd
>1

- a
and hence

1Y (G ) klfwr 24t S fo

zC[n] zC[n];z#£0

We have Y f(z)2=p— f(0)2 = p—p® > p/2 and hence
zCln];z#0

1 _ ()13 loga
EDINIED DAL "
i€[n] i€[n]

Let w = Y I;(f)?. From Lemma 1.6 we have
i€[n]
ZI < (wn) 1/2 and ZI 4/3§w2/3n1/3.
i€[n]

Hence

1(um)1/2 +w?3pl/3 > 210gap
a a



1.6. BECKNER’S LEMMAS 17

For a = n'/® we obtain |
1logn
1/2 2/3 1108
w e+ w? > 3—n1/2p
Since for w <1, w2 > w?/3 we have
1 log?n ,
> — .
Y360

1.6 Beckner’s Lemmas

This section contains the proof of Lemma 1.27. The following Lemmas 1.29 and 1.31 needed in the proof
of Lemma 1.27 were proven by Beckner [Bec75]. The proofs given here are simplified versions of Beckner
proofs.

Lemma 1.28 For 1 <p<2and a €R

. p/2 — si p/2
(1 +sin2a)” 4 (1 — sin2a) > (1 + (sinoz)Z(p — 2))p/2 .

2
Proof :
Note that for l <p<2and —-1<2<1
(1+2)P+(1—2)P (P 2% pip—1) , 2 2
— >14+ 88 25 —1))P/2, 1.1
: kZUka_Jr 522 (1422 (p— 1)) (1.10)

The first inequality in (1.10) follows from the fact that the (ZI’k) are positive. The second one follows from
1+a2t>1+2), 0<az,t<1. Hence

(14224 22)P/2 4 (1 4 22 — 22)P/?

5 > (1+22(p - 1)

Divide both sides by (1 + 2%)?/2 and let Ij% = (sina)?. [ ]

Lemma 1.29 For any z,y € C and any 1 < p <2 we have

/ 1/2
(LHy p_1|2+|w_yvp_1|2> e (|w+y|”+|x_y|p>l/p (1.11)
2 < : . _

Proof :
We can scale inequality (1.11) so that 27 +y7 = 1. Let @ = 27 + Ty and (sina)? = y7. Note that
a? < (sin2a)?. The inequality becomes

(1.12)

(14 (sina)?*(p — 2))P/2 < ((1 +a)?/? + (1 - a)p/2> |

2
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The right hand side of (1.12) is a decreasing function of |a| and hence it is enough to prove (1.12) for
|a| = sin2a. Now use Lemma 1.28. [ ]

For simplicity we will consider finite dimensional function spaces. Given a linear operator T : C* — C©,
let Ky (z,c) = (T1;)(c), Kr: A x C — C is called the kernel of T. From the linearity of T

(Tf)(e) =Y Kr(z,c)f(x).
Tr€EA
For any B and f € CY*B welet Tf : CA*B — CY*B where we apply T to a — f(a,b) for each b separately
(Tf)(e;0) = Y Kr(z,c)f (z,b)

TEA

Given two operators T; : CY — C%, i = 1,2, their product is the operator T : CA1*x42 — CC1xC2,
T = Th'T, where we apply Ty for each a € A; separately and then Tj for each d € (5 separately. Note that
the kernel of T is

KT((av b), ($7y)) = Kr,(a,z)Kr, (b,y).

The definition of the product of operators can be easily generalized for the product of more than two
operators. Note the following relationship between the product and the composition of operators

(T1 9] Sl)(T2 o 82) = (TlTQ) 9] (SISQ) (113)
Given C* with a p-norm and CP with a g-norm and f € CA*B let

(@) lep =y = [1f (@, 9)]]p

We define a p-norm on C4*B

L @)l = 1S (@ ) gy = L@ ) lyp [z
We will need generalized Minkowski’s inequality, see [HLP34] p. 148.

Lemma 1.30 For 1 <p<gq and any f : CY*B = C
L @ ) e lly:q < (@ 9)[lyig [ aip-
Lemma 1.31 Let 1 <p <gq. Let T; : CY — C%, i=1,2 be linear operators. If for any f; € CAi
T fillg < 11fillp

then for T =TTy and any f € CA1x42
T fllg < 1 lp-

Proof :
Since 1 < p < ¢, we can use Lemma 1.30

(T e Dllg = T (Tof) (e, d)leq llag < N2 f) (@ d)lap |lag <
(T2 f) (@s d)llazq Nlap < (TS (@5 O)losp [lazp = 11 11p-
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Lemma 1.31 can be easily extended for the product of more than 2 operators. Now we can finally prove
Lemma 1.27.

Proof of Lemma 1.27
Take the operator T}, . : (Z§ — C) — (Z§ — C) defined by (1.7). Take any function f : Zy — C and let

~

z = f(0), y = F(1). Then f(0) =z +y, f(1) =2 —y and (T1,.)(0) =z +ey, (T1f)(1) = & — cy. Taking
p=1+¢? in Lemma 1.29 we obtain that T} . : L'*€*(Zy) — L%(Zs) is a norm 1 operator.

Now we will show that T, . is product of n copies of T} . and hence by Lemma 1.31 has norm 1 as an
operator from LY*€*(Z2) to L2(ZY).

Let Fp, : C%% — €25 be the Fourier transform operator. Let U, : €23 — 2% have kernel Ky(z,c) =
(x = c)e"”‘. Clearly F,, is the product of n copies of £} and U, is the product of n copies of U;. Now since
T, = F, ' o U, o F,, we have using (1.13) that T}, is the product of n copies of T7. |
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Chapter 2

Harmonic Analysis over Locally
Compact Abelian Groups

2.1 Introduction

We will only use harmonic analysis on R”, Z™ and T" = R"/Z". It might be useful to mention a more
general setting. A locally compact abelian (LCA) group is a locally compact Hausdorff topological
space with group operations which are continuous i.e. the mappings + : G x G — G (where G x G has
Cartesian product topology) and — : G — G are continuous.

On such a group there always exists unique (up to multiplicative factor) Borel measure p invariant under
the group operations i.e. for every measurable set £ and x € G, u(F) = u(E + z). The measure is called
the Haar measure. The measure of a compact set is finite and the measure of an open set is positive.
The integral corresponding to the Haar measure is called the Haar integral.

A character of G is a continuous homomorphisms from G to the multiplicative group of complex
numbers of modulus 1. The group G of all characters of G with topology generated by

Uc:.={x € @;‘v’x € C:|x(x)—1| <e,}, C—compact,e >0

(and their translates) is a locally compact abelian group called the dual group of G. Pontryagin’s duality
theorem says that the dual of G is isomorphic (as a topological group) to G. Moreover if G is discrete

then G is compact and vice versa.
The Fourier Transform of f € L!(G) is defined as

foo = [ #aixtado
If f is continuous and f € L'(G) then we have the inversion formula
flz) = /A ]/”\(x)x(w) dx, forallzeqG
G

where dy is an appropriate noLmaliza,E\ion of the Haar measure on G.
If f € L'(G) N L?(G) then f € L?(G) and we have the Plancherel formula

1£1l2 = 11 1l2

21
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Remark 2 If G is compact we usually normalize the Haar measure on G so that u(G) = 1. This nor-
malization makes the characters orthonormal. The normalization of the Haar measure on G (which is
discrete) for which the inversion formula holds is u(z) =1, =z € G.

Note that the Haar measures defined for a finite group G in section 1 correspond to viewing G as a
compact group and G as a discrete group.

2.2 Fourier transform over T"

Let T" = R"/Z™ with the standard Lebesgue measure and integral. Two functions f,g : T" — C are
equivalent f ~ g if they differ in a set of points of measure 0.

Let L?(T™) be the space of measurable functions T" — C such that [3, |f(z)[* du < oo factored by the
equivalence relation ~. The space L?(T") with inner product

(f.9) = /T £ ()9 (®) dp

is a Hilbert space.
Let L*(Z™) be the space of functions f : Z" — C such that >, ;. |f(2)|*> < oo. The space L*(Z") with
inner product

(fo9) =Y f(2)9(z)

ZEL™

is a Hilbert space.
Theorem 2.1 Inner product and metric satisfy
o |(,9)] < [If1l2- llglls (the Cauchy-Schwarz inequality)
o ||[f+gll2 <|Ifll2+ llgll2 (triangle inequality)
Theorem 2.2 The characters of T" are
{x.(z) = exp(2mizT z); 2z € Z"}.

They form an orthonormal basis of L?(T") i.e. any function f € L*(T™) can be written as

F=>" fl)x.

zZEL™

~ ~

The f(z) € C are called the Fourier coefficients, f(z) = (f, xz)-

Theorem 2.3 (Riesz-Fischer) The map L*(T") 5 L*(Z") is linear, bijective map.
Moreover we have
° (f,9) = (fA, g) (Parseval’s identity)

o [|fll2= ||f||2 (the Plancherel formula)
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o 11l < If1In

and hence the Fourier transform is an isometry of L?(T") and L?(Z,,).
A nice application of the Plancherel formula is computing the sum

2T Ta
—mn 6

~ ~

Consider f(z) = z on T!. Then ||f||? = 1/3, f(0) = 1/2 and f(n) = i/(27n) for n # 0. Now use the
Plancherel formula.

2.3 Expander Graphs Construction

The first expander graph construction is due to Margulis [Mar73]. We are going to show an expander
graph construction due to Gabber and Galil [GG79]. The construction can be analyzed without harmonic
analysis, using linear algebra (eigenvalues) [JM87]. Expanders with much better expansion have been
constructed in [LPS88, Mar88].

Definition 2.4 A bipartite graph G = (AU B, E) is (n,d,a) expander if |A| = |B| = n, |E| < nd and
for every X C A -
RY

N(X) > <1 +a—> 1X].

n

Explicit expanders of bounded degree have a great number of applications in the Theory of Computing.
They are used in the log n-depth sorting network of Ajtai, Komlés and Szemerédi [AKS83], in extraction of
random bits from weak random sources [AKS87, CW89, 1Z89], or in explicit construction of fault tolerant
networks [ACS88].

Definition 2.5 Let Gy, be graph with A, B = 72, and (z,y) € A connected to {o;(z,y);i € {0,...,4}}
where

Uo(iﬁ,y) = (x,y)
Ul(xay):(x+yv?/)a 02($,y):($+y+1,y)
o3(z,y) = (z,xz +y), oslz,y)=(z,2+y+1)

Theorem 2.6 G, is an (m?,5, (2 — v/3)/4) expander.

Proof :
We need to show for any X C 72,

X]- 1%

X U+ Uoa(X) = X| 2 0=

There is a natural mapping between the subsets of Z2, and the subsets of the 2-dimensional torus with
sides of length m (i.e. R? /mZ?), where (i,5) corresponds to [I(i,j) = (i,i + 1) x (j,j + 1).
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Let 71 be a linear transformation on R? /mZ?2, 7 (z,y) = (z + y,y). Under 7 the ((i, ) is transformed
to a parallelogram one half of which lies in (i + 4, j) and the other in (i +j + 1, 7). Hence the nonempty
squares in 71(X') — X' correspond to the elements in (o1 (X)Uo(X)) — X where X’ C R? /Z2, corresponds
to X C Z2,. Thus

01(X) U s (X) — X| > g (X') — X).

Similarly for 7(z,y) = (2,2 + ), |03(X) Uos(X) — X| > p(m=(X') — X'). Hence

o (X) U -+ Uoa(X) — X| > max{|o1(X) Uoa(X) — X|,|o3(X) Uoua(X) — X|} >

1
5 (1 (X)) = X) + p(ra(XT) = X))
and to show the expansion property of G, it is enough to show
p(r (X') = X') + p(ra(X') = X') > 2au(X") u(X7) m?. (2.1)

We will show that (2.1) is true not only for X’ arising from the mapping between Z2, and R? /mZ? but for
all measurable X'. Scaling down to standard torus S? = R? /Z2 inequality (2.1) becomes

p(r(X) = X) 4 p(r2(X) — X)) > 2ap(X)(1 — p(X)). (2.2)

From now on we are working on the standard torus S? = R? /Z2. Note that the 7; are measure preserving
and hence p(7(X) — X) = p(X) — p(m(X) N X). Now (2.2) becomes

p(r (X) 1 X) + (ra(X) N X) < 20(X)(1 — ap(X). (2.3
Now we rephrase (2.3) in terms of functions
<1X, (T1 —|—T2)lx> = <1X,T11)(> + <1X,T21)(> < 2<1X, 1X>(1 — o+ 04(1)(, 1X>) (24)

where T;f = f o Ti_l is a linear operator. Now it looks that we need to estimate the Rayleigh quotient of
the operator T} + T on some class of functions. Theorem 2.10 shows that on the space of L? functions for
which [ f d*z = 0 the operator T} + Ty has Rayleigh quotient 8 = v/2 + 1/2. Let us subtract a constant
function from 1x so that we can apply Lemma 2.10

(Ix = p(X), (T +T2)(1x — p(X))) < A(1x — p(X), 1x — p(X)). (2.5)
Using (u(X), u(X)) = pu(X)?, (u(X),1x) = u(X)? and (1x,1x) = u(X) on (2.5) we obtain
(Ix,(Th + To)1x) < 2u(X)(B/2 + (1 = B/2)u(X))

which proves (2.4) for a =1 — /2 = (3 — v2)/4 < (4 — 2V/3) /4.
To fix the proof note that if for every measurable X,

u(ri (X) = X) + u(73(X) = X)) 2 dap(X)u(X) (2.6)

then also (2.2). The proof of (2.6) follows exactly the same steps as the proof of (2.2), using an estimate
on the Rayleigh quotient of 7" =Ty o T} + T o Th. |
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2.4 The Rayleigh quotient of Operators

In this section we compute the Rayleigh quotient of the operator T} + T5 and T} o T} + 15 o T, from the
section 2.3 following the proof of Gabber and Galil [GG79].
Given a bounded linear operator 7' its spectral norm is

I71l2 = sup {|[Talls; 2]l = 1},

its spectral radius is
. 1
p(T) = lim ||T"|)3/",

n—o00
and its Rayleigh quotient is
r(T) = sup{|(Tx,x)|; l|z]|2 = 1}.

The Cauchy-Schwarz inequality yields
p(T) < r(T) < [Tl
If T is self-adjoint then p(T') = r(T) = ||T2.

The linear operator T on L?(T") gives us a linear operator T=FoToF !on L?(Z") where F is the
Fourier transform operator. By Parseval’s identity the operators T and T have the same spectral norm,
radius and Rayleigh quotient. In our application it will turn out to be easier to analyze the operator T

Lemma 2.7 Let A be an integral n X n matriz with determinant 1 and (T f)(xz) = f(Az) a linear operator
on L*(T"). Then

~ ~

(TH(@) = J(A™"a). (2.7)

Proof : R
Since T is linear, it is enough to see (2.7) for f =1,

(Tla)(x) — / 6727rixTzT(627riaTZ) A"y — / 627rz'(a,TAf:1:T)z A"y — (J? _ ATa) _ ].a(AiT:I?).
|

Let X be the subspace of L?(T?) containing the functions satisfying f(()) = [ fd?z = 0. Our goal now
is to compute the Rayleigh quotient of the operator T' = T} + T5 (defined in (2.4)) on the space X. Recall
that

(Tf)(z,y) = flz—y,y) + f(z,y — 7).
Hence by Lemma 2.7 . R R
(Tf)(z,y) = flz,z+y)+ flz+y,y)

where T is operator on the space Y which is a subspace of L?(Z?) consisting of functions with f(0) = 0.

Consider an undirected graph H; with vertices Z2 — {0} and (a,b) being connected to (a + b,b) and
(a,a + b). We define a function r on undirected locally finite graphs so that r(H;) = r(T).
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A connected component of H;.

Definition 2.8 Let G = (V, E) be a locally finite undirected graph. Let
G)=sup{)  fl)f();) f@)’=1 f:V >R}
{uw}eE veV

The following Theorem gives us an upper bound for r(G) of a graph G.

Theorem 2.9 Let A be a labeling of arcs of G with positive real numbers such that \(u,v) = 1/A(v,u).

Then
= Sup Au,v)
ueV Z

Proof :
Using the inequality between arithmetic and geometric mean and the property of A we obtain

Yo flf) < Y %(f(U)Q/\(u,v)+f(v)2/\(v,U))=(*)-

{u,w}€FE {uw}eE
Now

:%Zf Z)\uv % supZAUU Zf(”)2

ueV vEN (u uereN ueV

Now we use Theorem 2.9 to compute r(H;)

Theorem 2.10
r(Hy) < 1/2+ V2.

Proof :

From Euclid’s algorithm it follows that for any d € N the vertices (a,b) such that gecd(a,b) = d form
a connected component of Hy. These connected components are isomorphic and hence it is enough to
consider only one of them, e.g. the one with d = 1. The mappings (z,y) — (—y,z) and (z,y) — (y, z) are

automorphisms of Hy. Consider the following labeling A of arcs (the arcs in the same orbits have the same
labels)

e for the self loop e at (0,1) let A(e) =
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e for the arc e from (0,1) to (1,1) let A(e) = a (the opposite arcs have label 1/a)

e for an arc e from u to v which was not labeled yet let

Ae) =9 b ifflullo <lv]leo

{ L if fJufloe = [|v]|oo
1/b otherwise

The labeling satisfies the conditions of Theorem 2.9. For v = (0,1) we have >, .y, A(v,u) = 2a + 2, for
v =(1,1) we have }_,  n(,) A(v,u) = 2/a + 2b. For the other vertices two neighbors have larger, one has
smaller and one has equal infinity norm (for vertex (z,y), w.l.o.g. x >y > 0, then (z+y,y), (z,z+y) have
larger, (z,y — z) has equal and (z — y, y) has smaller infinity norm). Hence }_, .y, A(v,u) =142b+1/b.
For b = 1/v/2 and a = v/2 — 1/2 we have max(2a + 2,2/a + 2b,1 + 2b + 1/b) = 1 + 2v/2 and hence
r(Hy) <1/24 V2. [

The operator 7' mentioned at the end of the proof of Theorem 2.6 was defined as

(T'f)(z,y) = flz —2y,y) + f(z,y — 2z).

Hence by Lemma 2.7

(T"f)(z,y) = f(z, 2+ 2y) + f(z + 2y, ).
Again we can show an upper bound on the Rayleigh quotient of T" in the space X by considering graph
H, for which r(Hy) = r(T") = r(T"). Let Hs be the undirected graph with vertices Z2 — {0} and (a, b)
connected with (a + 2b,b) and (a,b + 2a).

A part of graph Ho.

Theorem 2.11
’I"(HQ) S \/g

Proof :

The mappings (z,y) — (—y,z) and (z,y) — (y,z) are automorphisms of H;. Every vertex u = (z,y)
where both z,y are non-zero, |z| # |y| is connected to three vertices with larger and one with smaller oo
norm. If one of the z,y is zero or |z| = |y| then u is connected to two vertices with larger and two vertices
with equal oo norm (possibly via a self-loop). Label the arc e between the vertices u, v

Ae) =

a if ||ulloo <fv]loo
1/a otherwise

{ L i fJulleo = [|v]oo
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For any u we have either }, () A(u,v) =3a +1/a or 3, c e,y Au,v) =2+ 2a. For a = /3 we obtain
r(Hy) < /3. u

It is not hard to find labelings of the vertices of H; and Hs which show that the constants in Theorems
2.10 and 2.11 are optimal.

2.5 Lattice Duality: Banaszczyk’s Transference Theorem

Given an an n X n regular matrix B a lattice L is
L={Bz;zeZ"}.

Alternatively a lattice can be viewed as a discrete additive subgroup of R”. Define the successive minima
Al, ..., Ap of the lattice L

Ai = min{r > 0;dimspan(L NrB,) > i},
where B,, is the unit ball in R”. The dual lattice L* of the lattice L is the lattice with matrix B~7. Our
goal is to prove the Transference Theorem of Banaszczyk [Ban93]

Theorem 2.12 For any lattice L in R”

Ai(L) App1—i(LF) < n.

The Theorem is tight up to a multiplicative constant as there exist a self dual lattice L such that
A (L)% > 32 (1+o(1)) as n — oo, a result of Conway and Thompson (see [Mil73], p. 42). A transference
theorem was used in [LLC90] to show that O(n)-approximation of shortest lattice vector in L? norm cannot
be NP-hard unless NP=co-NP.

In addition to the material covered in section 2.1 we will only need that characters of R” are

{xolb € R}

where x3(z) = exp(b”z)}. The Fourier transform of a finite measure y is defined as

Alz) = / el dnt)
yeER™

For A CR” let
_ 2
p(A) =" el (2.8)
TEA
Later in section 2.6 we will prove the following Lemma.

Lemma 2.13 Let n > 2. Let A be a ball of diameter %\/ﬁ centered around the origin and let u € R™.
Then

p((L +u) \ A)

< 0.285
p(L) -
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Given a lattice L we define a discrete measure on R" by

_pANL)
="
Let
_ p(L+u)

Later in section 2.6 we will prove

Lemma 2.14 For a lattice L and its dual lattice L*
oL = ¢r~-

Proof of Theorem 2.12

For n = 1, A (L)A(L*) = 1. Assume that n > 2. Suppose that there is a lattice L such that
Xi(L)An41-i(L*) > n. We can scale the lattice so that \;(L) > 2\/n and Ayy1-i(L*) > 3/n+%. Let A and
A* be the balls of diameters 2/n and 2\/n + % centered around the origin. We have dimspan(L N A) < i
and dimspan(L* N A*) < n+ 1 —1. Hence there is a vector u which is perpendicular to all vectors in LN A
and all vectors in L* N A*. We can chose u such that |ju|| = 3.

e Since u is perpendicular to all vectors in L N A,

¢r(u) =op(u) = ZUL(:JU)e_QM“T‘” = Z or(z) + Z UL(x)e—QwiuTx >

x€L reELNA zeL\A
> o) - > op@)=1-2 > op(zr) >043. (2.9)
zELNA zEL\A z€L\A

e We have

p((L* N A*) +u) N p((L*\ A*) + u)
p(L*) p(L*) '

Since u is perpendicular to vectors in L* N A*

¢r-(u) =

p((L*NAY) +u) o—rllufz PN A)
P R T <o (2.10)

The length of vectors in (L*\ A*) + u is at least 2\/n and hence

p((L*/A*) + u) < p((L* +u)\ $v/nB)
p(L*) B p(L*)

< 0.285. (2.11)

From (2.9),(2.10),(2.11) we obtain 0.43 < ¢r-(u) < 0.42, a contradiction. [ |
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2.6 Gaussian-like Measures on Lattices

In this section we will prove Lemmas 2.14 and 2.13. Our only tool from harmonic analysis on R” will be
the Poisson Summation Formula.

Theorem 2.15 (Poisson Summation Formula) Let f : R* — R" be a continuous function, such that
for some € >0 and c € R

f(z)
f(z)
where f is the Fourier transform of f over R". Then

St =Y fla).

a€EZ™ aEZ™

c(1+|z|) "¢ (2.12)

<
< (14 |z)) " (2.13)

Proof :
Define a function F : T" — R

=) flz+a). (2.14)
aEZ™

The right-hand side of (2.14) converges uniformly because of (2.12). Clearly F is continuous and integrable.
We have

F(y>=/nF<>2”’“d”w—/ Y St dy = | f@)et s = fy).

(VAL

Condition (2.13) gives us F € LI(Z”). Hence for any € T" the inversion formula holds
j{: f 72wm z
acLm

and for z = 0 we obtain the result. [ |

Lemma 2.16 Let B be an n x n matriz and u € R". For f(z) = exp (— (Bz + u)T (Bz + u))
n/2

~T \T(R-T T (p-T
detBexp(—WZ(B y)" (B "y) + 2miu’ (B " y)).

fly) =

Remark 3 For f(z) = exp ( — m(Bz + u)T (Bz + u)) we obtain

fly) = detB exp (— (B Ty) T (B~ Ty) + 2v/min® (B~ Ty).

Proof of Lemma 2.16

~

fly) = /n exp ( — (Bz + u)T (Bz +u) — 2miy’ z) d"z =

/ exp (— (Bz +u+ B~ y)" (Bx + u+ niB~"y) + 2riy’ B~'u — r*(B~Ty)" (B "y)) d"v =
R
Wn/Z

det B

exp (— (B~ Ty)" (B~ "y) + 2min” (B~ y)).
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For notational convenience we define for A C R"

p(A) = Z e llzl?

TEA

Note that p'(A) = p(m—/2A) where p is defined by (2.8).
Lemma 2.17 For a lattice LCR", any 0 <t <1 and any u € R*
1
L +u) < 2o/ (L),

Proof :
Let B be the matrix of the lattice L. Using the Poisson summation formula

7rn/2

w2 _ 2mi
P (tL+u) = Z exp (— (tBx+u)" (tBx+u)) = Aot Z exp (—t—Z(B "WI'(B Ty)—i-Tth 1u>.
zeZn yezn

Again by the Poisson summation formula

Wn/Z
A = (= (B) (Ba) = 2 3 e (— w2 (B (B7y)).
TEL™ YyeEL™

Now it is enough to notice that for any y € Z"

T2 B 2mi B
exp ( - t—Q(B Tyh(BTy) + Tth 1“)

<exp (=B TYT(BTY)).

Lemma 2.18 For any lattice L any u € R" and ¢ > \/n/2

'"((L+u)\ cB 2\ "2 n
~ hiia )5(2> o (3-¢):

2

Proof :
Let z € (L+u)\cB and let 0 < ¢ < 1. The corresponding element ¢tz € t(L+w) contributes to p'(¢(L+u))
by exp(—t2||z||?). We have
exp(—t*[|z][*) 2\ (10112 2\ 2
——————— = =exp ((1 = t)||z]|7) > exp ((1 —t°)c?).
exp(Tlaf?) ~ P ) 2o (- £))

Hence

P ((L+u)\ eB) < p' (L(L +u)) exp ((£* — 1)c?).
By Lemma 2.17, p' (t(L +u)) < (1/t)"p/(L) and hence we have

o (L +w)\ eB) < (1/6)" exp (12 — 1)) (L),

For t* = 3% (optimal value) we obtain the result. [ |
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Corollary 2.19 (of Lemma 2.18) For ¢ > /n/(27)

(L+u)\cB me? n/2 n
. D )§<2n> o (5~ ).

Proof of Lemma 2.13

Plugging in ¢ = % n into Corollary 2.19 we obtain

p(L+)\ SVAB) _ (3, o\ o
o) S( me > < (0.285)™/=.

which for n > 2 proves 2.13. |

Proof of Lemma 2.14
Let B be the matrix of the lattice L. We have

ALY LN o (- (Bt u) (Ba o+ u). (2.15)

P =Tm T

By Lemma 2.16 and the Poisson summation formula

1

(2.15) = W y;Z:n exp ( — W(BiTy)T(Bny)) exp (27riuT(Bny)) =
mz ex (= all?) exp ( — 2miuTy) = ~ P25 (w)
To finish the proof note
L) = 35 exp (= w(B) (B2) = oz 3 e (= (8 T (5 7)) = u

TET™ yczn



Chapter 3

Generalizations of Harmonic Analysis

3.1 Introduction

In this section we will consider the theory from section 1 with the field of complex numbers replaced by
a finite field. Most of the theorems from 1 remain valid even in this setting. We omit the proofs because
they are identical with those in section 1.

Let G be a finite abelian group, let n = |G|. Let ¢ be the exponent of G i.e. the smallest positive number
such that ¢ - g = 0 for every ¢ € G. Let F be the finite field with ¢ elements where t|¢ — 1. Note that we
have primitive ¢-th roots of unity and 1/n in F. (To see that (n,q) = 1 note that any prime p that divides
n divides ¢ and hence does not divide ¢.)

We consider the space FE of functions with

e pointwise multiplication (fg)(a) = f(a)g(a), a € G,
e convolution (f * g)(z) = £ 3= f(a)g(z —a), z € G, and

acG
-1
‘ 1 S _ [z for z # 0
e inner product (f,g) = a%:G f(a)g(a). where z = { z forz =0 "

Characters are homomorphisms from G to the multiplicative group of F. The set of all characters is an
orthonormal basis of F. They also form a group (called the dual group of G over F). Fix G = Z,,®- - DLy,
and w; be a primitive n;-th root of unity in F (since n;|t we have w; € F). For b = (by,...,b;) € G let

k
_ biz;
= [Jwi.
i=1

The functions 3 are characters, they are distinct and by a dimension argument they are all characters of
G. Hence

G = {Xb 1be G, } (3.1)

Any function f € F¢ can be expressed as a linear combination of characters. The coefficient of x; is
denoted by f(Xb) The function f G — Fis called the Fourier transform of f.

Mapping b — X} is an isomorphism of G and G and hence we view f as a function in F“ and write ]/”\(b)
instead of J?(Xb)-

The space F¢ is endowed with

33
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e inner product (f,g)= >_ f(a)g(a), and
acG

e convolution (f *g)(x) = > f(a)g(x —a).
acG

By the orthogonality of characters

F) = (0) = = 3 F(@xal®). (3.2

a€G
Theorem 3.1 The Fourier transform satisfies

. linearitym=f+§, af =af, f,g€F¢, acC

—~ —_—

o fg=1%g, [+g=1q

e (f,g) = (M\,/g\A) (the Plancherel formula)

3.2 Sums of matrix columns (mod m)

We are going to prove a Theorem of Thérien [Thé94]. It was used to show that a circuit with MOD,,, gates
where m is composite needs at least (n) gates to compute the AND of n inputs. A MOD,,, gate is a gate
which outputs 0 iff the sum of its inputs is divisible by m.

Theorem 3.2 Let m,s,t be positive integers. If t > c¢-s-m'Y2Inm where ¢ is an absolute
constant, then for any s X t integer matriz there exists a set of columns which sum to the zero
column modulo m.

We shall use the following explicit version of Dirichlet’s Theorem about primes in arithmetic progressions.

Theorem 3.3 ([Hea90]) For any a coprime to m there is a prime p = a (mod m) such that p < em!'/?

where ¢ is an absolute constant.

The estimate in Theorem 3.3 can be improved to 2(m Inm)? under the assumption of the Extended Riemann
Hypothesis [BS94]. Theorem 3.2 follows from Theorem 3.3 and the following Lemma

Lemma 3.4 Let p be a prime and A be an s X t integer matriz. If t > s(p — 1) In(p — 1) then there exists
a set of columns which sum to the zero column modulo p — 1.

We use harmonic analysis on the space of functions G — [, where G = Zéfr Define the weight wt(f)
of f as the number of non-zero Fourier coefficients of f. When we write f and g as linear combination of
characters we see

o wi(f-g) <wit(f) - wt(g)

o wi(f +g) < wt(f) +wt(g)
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For example 1o(z) = 1 for any z and hence

wit(1p) = (p— 1)". (3.3)
Let B ={0,1}' C Z_,. We have
Th(e) = ~ Ty~ L pem) (1w 3.4
(r) == w —(L+w™).. (1+w™) (3.4)
yeB

Since (3.4) is non-zero for (p — 2)! choices of = we obtain
wi(1p) = (p—2)". (3.5)

Proof of Lemma 3.4
Let A be an s X t integer matrix such that no set of columns sums to the zero column modulo p — 1. For
each row of the matrix define a function

fz(fE) — wxlai,i+"'+1’tai,t, = [S]

Consider the function .
f=lla-@a-sprr).
i=1

If x = 0 then each f;(x) = 1 and hence f(x) = 1. Since no set of columns sums to the zero column modulo
p—1, for any z € B\ {0} there is ¢ such that f;(z) # 1 and hence f(z) = 0. Thus f|p = 1¢|5.
Each f; is a character. The function 1 — (1 — f;)?~! is a linear combination of powers of the character
fi and hence has weight at most p — 1. Hence by the submultiplicativity of weight wt(f) < (p — 1)*.
Since f-1p =1y
(p—1)' = wi(lp) = wi(f - 15) < (p — 1)°(p — 2)"

and hence

1 t
t/(p—1) < <(p—1)°
e _(1+p_2> <(p-1)

which yields t < s(p — 1) In(p — 1). [ |
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